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Abstract

A progressive alignment algorithm produces a multi-aligntof a set of
sequences by repeatedly allgt;ung pairs of sequences pusly gen-
erated alignments. We describe a method for guaranteeanigalignment
generated by a progressive alignment strategy satis®es speci®ed collec-
tion of constraints about where certain sequence posisioosld appear rel-
ative to others. Given a collection of constraints over sequences whose

total length is , our algorithm takes time. An alignment

of the -like globindgene clusters of several mammals illustrabesgracti-
cality of the method.

Key words: Multiple sequence alignment, constrained alignment, dyoa
programming

1 Introduction

Itis straightforward to extend the dynamic programmingmafihent algorithm (Needle-
man and Wunsch 1970) to the simultaneous alignment of sequences. How-
ever, the execution time for sequences of lengthmakes it impracti-

cal to align more than three sequences this way, unlessdjuesees are extremely

short. In practice, it is common to compute multiple-seageesignments with a
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progressivalignment strategy. Although the computed alignment cabaguar-
anteed to be mathematically optimal, large numbers of sempsecan be aligned.

Progressive alignment works as follows. Two of thesequences are aligned
together, and the resulting pairwise alignment replaceswio sequences. This
gives an alignment problem with asequences®, one of which is a sequence
of aligned pairs (i.e., each of its @symbols®is a column & gairwise alignment).
Two of those sequences are chosen, aligned together, adadedby that align-
ment, until only a -way alignment remains. What makes this possible is that the
dynamic programming algorithm for aligning two sequencas loe made to work
when one or both of the input sequences is itself an alignofesaime of the originally-
given sequences. This strategy can be traced to a paper effiiéat and Perlwitz
(1984), and has been implemented, with numerous variatinrtee basic theme,
by many investigators (Feng and Doolittle 1987, Taylor 1¥33tpet 1988, Higgins
and Sharpe 1988).

Alignment algorithms, even theoretically optimal oneg gpically designed
to perform well on a wide range of datasets. On the other hapdpgram’s user
frequently has knowledge of their particular data that &thowuerride the conven-
tional wisdom embodied in the program. For example, it miglhknown that in
all members of a certain protein family a particular cysteiesidue enters into a
disul®de bond, so an alignment of members of that family Ishglace all those
cysteines in the same column even if the program awards @hggiore to some

other con®guration.
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This paper presents an algorithm for progressive alignuometér a very general
class of constraints. The last section describes an exarhpdastrained alignment

of genomic DNA sequences.

2 Constraints

Consider sequences , Where has length , and
let . An alignmentof the  sequences is a rectangular matrix with
rows, each composed of sequence entries and dashes (imgligaps introduced
into a sequence), such that (1) removing dashes from leaves sequence for
each and (2) no column consists entirely of dashes.

A constraint denoted by asserts that the symbol should occur in a
column of the alignment strictly before the column containihe symbol . We
call asequence positigsince it designates the position in the sequence .
We also consider constraints of the form , which asserts that the symbol
should occur in the same column as, or before the columniconga . Given a
collection of such constraints, we wish to produce a multi-alignmeatt slatis®es
all of the constraintsin .

The two types of constraints are not equivalent. One migheimpted to think
that is the same as , but this is not so as the former permits
to occur in a column after . On the other hand, a constraint thagnd are in
the same column is equivalent to the two constraints  and . Indeed

an assertion that sequence positions in distinct sequences should be in the
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same column is readily expressed by a cyclic chain of-constraints. Similarly,
negation of a constraint can be expressed since, e.g., isequivalentto
We can thus restrict our attention to a collectioof -and -constraints.
Note that any multi-alignment satis®es the constraints for all
and , since the entries of sequenceccur in order within the
corresponding alignment row. We call such constramidicit and denote the set

of implicit constraints by . In contrast, the constraints ofareexplicit
3 A Consistency Test

We say that the set of constraints iconsistentf there exists at least one multi-
alignment ofthe sequences satisfyingall of the constraints. This secéwrlbps
ef®cient algorithms to test for consistency.

Given , considerthe graph whose vertices are the sequence positions and
whose edges are directed between vertex pairs that aredaaher explicitly or
implicitly. Each edge has an associatgde which is either or . In particular,
implicit edges are always of type, while each explicit edge has the type of the
constraint de®ning the edge. If more than one constraisitsdxétween an ordered
pair of sequence positions, then the edge is of tyjifeat least one of the constraints

is of type , and of type otherwise.

Theorem 1 Let be the graph constructed as above for a given set of conggrain
There exists an alignment that is consistent with the camg8 if and only if each

cycle in involves only edges of type
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Proof. First suppose that there exists a cycle ircontaining a edge, say
. The remainder of the cycle from back to demands that ,an
impossibility.

For the converse direction, supposethat every cycleiofrolvesonly edges.
Form the graph whose nodes are the strongly connected componentsasfd
where there is an edge in from to iff there is an edge from some-node con-
tainedin tosome -nodein . Edgesin are notassignedatype(i.e.or )and
by de®nition is acyclic. A node of cannot contain two distinct positionsin the
same sequence, since otherwise there would be a cycleantaining an implicit

edge. For each node of, form an alignment column whose non-dash entries
are precisely the sequence positions in the node, and dréeotumns according
to some topological sort of . This ordering guarantees that all of the constraints
in are met. Thus the resulting matrix is an alignment and i®siall of the

explicit constraints.

Theorem 1 leads directly to the following algorithm to chéak consistency.
Given a set of explicit constraints, the graph is constructed in time
and space. Then the graph's strongly connected comporrerdstermined in time
proportional to size of the graph, using any of several knalgorithms (e.g., Cor-
men et al. 1990, pp. 488-493). By de®nition two verticesratheé same compo-
nent if and only if there is a cycle containing both of them.u$lthere is a cycle

involvinga edge if and only if some edge connects two vertices in the same
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component. Inthe ®nal step, the algorithm inspects eamtge and thereby checks
consistency. Thus consistency can be determined in time and space.
The algorithm can be improved in cases wheres much smaller than , in
particular, when . Term a sequence position that occurs in some
constraint of active Consider the graph whose vertices are just the active se-
guence positions. Let there be an edge  from vertex to vertex iff either
Q) or is a constraintin , or (2) , (i.,e., and are
positions in the same sequence), , and there does not exist an active position
such that . Such an edge has type if either isin or
case (2) applies, and typeotherwise. Observe that hasatmost vertices and
edges. In essence, is a sparse encoding of where chains of implicit edges
whose internal vertices are not active have been collapsedisingle edge. Itthen
follows that checking this graph for a edge connecting two vertices in the same
strongly connected component also determines the conejsté the constraints.
Using a comparison-based method to sort the active posiiogach sequence,
can be constructed in time and space. Computing strongly con-
nected components and checking their edges takes an additio time. Thus

consistency can be determined in time and space.
4 Transitively Implied Constraints

Given that is consistent, our goal is to build up a multi-alignment o th se-

guences by progressively aligning pairs of sequences dkesraignmentsin a way
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that results in a multi-alignment satisfying the constimirClearly, when aligning
two of the given sequences, one must select only from pagralignments that sat-
isfy the constraints between the two sequences. Howeweapise of the transitiv-
ity of the constraint relations, one must be even more chréfor example, if
contains and , then one must ensure that in any pairwise
alignment between and , since otherwise it would be impossible to align the
resulting alignmentof and with  to produce a three-way alignment satis-
fying

The following two relations capture the transitive imptioas of a given set

of constraints. De®ne the constraint iff either or there exists a chain
such that is in for each
, and de®ne the constraint iff there exists such a chain with at least one

(possibly implicit) constraint. Note: In this context, does notmean the th
position in the th sequence, but instead denotes tttesequence position in the
chain.) We denote by thesetof and constraints arising from constraints
. Note that . Because the relationships in model every transitive
chain of it certainly follows that every alignment satisfying thenstraints of
satis®es those of and vice versa.
The following de®nitions will be used to formulate TheoremvBich formal-
izes the key observation concerning transitively impliedstraints. Theestriction
to and ofaset ofconstraintsis the set of all in  suchthat and

are positionsin either or . Analignment is asubalignmenof alignment
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if can be obtained from by deleting zero or more rows and then removing any
columns that consist entirely of dashes. A sample use oéthesons is provided
by the following straightforward converse to Theorem 2:ghbalignment consist-
ing ofrows and of an alignment of sequences satisfying isa

pairwise alignment satisfying the restrictionto and  of

Theorem 2 Let constraints for sequences be consistent, and let
be a pairwise alignmentof and that satis®es the restriction to and
of . Then there exists an alignmentof satisfying such that

is the subalignment consisting of rowand of

Proof. Let be the set of all constraints satis®ed bylo be more precise, let

denote the index of the column ofin which  occurs. Then isin
iff ,and isin iff . Note that an
alignment of satis®es if and only if the subalignment consisting

ofrows and isexactly .
We want to verify the existence of an alignment that satis®e®nstraints in
. By Theorem 1, it is suf®cient to examine cycles

, Where each isin . Withinthe cycle, each run of consecutive
constraints from can be replaced by a single constraintin Thus the cycle
can be replaced by one where the successive constraints, , alternate
between a member of and a member of , whence every sequence position in
the cycle is in either or . Butsince satis®es the restriction to and

of , that restriction is a subset of, i.e., all constraints in the cycle are in.
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(i-1,j-1) (i-1,))

(,-1) (.

Figure 1: Edges entering node in the edit graph and their labels.

Consistency of implies that the cycle contains onlyconstraints, so the original

cycle (with constraints in ) contains only constraints.

5 Constrained Pairwise Alignment

We now address the problem of computing a pairwise alignseject to a con-
straint of the form or . It is helpful to think in terms of amrdit
graphfor sequences and . We will frame the discussion in terms of the sim-
plest kind of edit graph, which is appropriate when the peiesalignment is opti-
mized with respect to the sum of scores for each column (@icluthose contain-
ing dashes). The discussion carries over with only minonghka to graphs that are
based on scores more appropriate for progressive aligrohieimiogical sequences
(e.g., Chao et al. 1994, pp. 280-282).

The simplest kind of edit graph for and  consists of an -by-

matrix of vertices . The vertex at gridpoint with ,
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Forbidden region (solid edges)
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Figure 2: Edges forbidden by and constraints.

has three entering edges, each of which is labeled by amadighcolumn,
as pictured in Figure 1. (Vertices in row 0 and column O, exdéep , have
only one entering edge.) To each path from to there corresponds
the alignment of concatenated edge labels; this gives dabae correspondence
between such paths and alignments ofand . Note that the alignment column
containing comes from the edge where the path enters ramd comes from
the edge entering column
The constraint requires that the alignment's path reach rositrictly

before it reaches column Thus the constraint is equivalent to requiring that the

path avoid edges in the interior of th@bidden region . The
constraint differs only in allowing the column aligning and , so its
forbidden region differs from that for by permitting use of the diagonal

edge from to . Figure 2 illustrates these forbidden regions.
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6 Prime Constraints

This section and the next describe how to delimit, for allussge pairs and
, the forbidden regions corresponding to the restrictiont@and of . The
number of these constraints can be quadratic in the seqlesmgihs; for instance,
this happens if contains a constraint with not too near 1 and not too
near . Fortunately, we need only consider the constraints whmdédden region

is not contained in the forbidden region of another constrai

A constraint will be calledprimeif (1) no satis®es
or and (2) no satisi®es or . Furthermore, a
constraint is primeif it is not the case that . It follows directly

from these de®nitions that the forbidden region of a nomgigonstraint is con-
tained within that of some other constraint. For example, if is not prime
because (1) is violated, then there exists an such that or
The forbidden region of either of these two constraints priypcontains that of

. Henceforward, we say that a constralominatesanother if its forbid-
den region properly contains that of the other. Now every-pigme constraint
is dominated by some other constraint If  is non-prime then it is dominated
by some other constraint. Continuing this chain inductively, one must eventually
reach a prime constraint or the chain must loop on itself. But the later is impossi-
ble as this would imply that a forbidden region properly @ons itself. Thus every
non-prime constraint is dominated by a prime constraint.

Let be the -ordered list of prime constraints betweeand , i.e.,
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Figure 3: Forbidden regions when and

where and iseither or
. Note that by primality it follows that forall . The union of the
forbidden regions of all constraints in the restrictiontoand of  equals the
union of the forbiddenregions for the prime constraintis(fibllows from the previ-
ous paragraph), and hence the union is properly speci®ed tgnd . Further
note that there is at most one prime constraint whose rigsitipais  for a given
, that this constraint can be uniquely charged to a constohin whose right po-
sitionis , and thus that the size of is bounded by the number of constraints
in  whose right positionisin . Hence, for a ®xed, , where

contains constraints.
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7 An O(K+C) Prime Constraint Algorithm

It now remains to design an ef®cient algorithm for detemgnihe ordered list
for all . Consider the sparse graph model of the constraints in de-
scribed in the last paragraph of Section 3. For algorithroippses assume that
every vertex is annotated witha and attribute, so that is the
sequence position represented byrurther assume that is a sorted list of the set
of vertices for which in increasing order of their  attributes. Recall
that the lists are needed to construct in the ®rst place. Finally, to distinguish
the types of edges in  we will write if the constraint betweenand is
of type ,and if the constraint is of type .

For a given sequence , the algorithm of Figure 4 computes for all
in time and space. It does so by computing the prime constitiorié

exists) from each positionin to every other sequence in reverse order of

Theorem 3 The algorithm of Figure 4 correctly determines for ®xed and all

Proof. It suf®ces to prove the invariant that when one is about &r ¢émé loop
oflines 6-14then (1) is an increasing sorted list of all prime constraints from
to originatingat a successorofn , (2) every vertex reachable from a successor
of in has its ®eld set to , and all others have their's set to (3)

is the leftmost position in sequencehat is reachable from a successor

of in ,and(4) for all . This is certainly true before the ®rst
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procedure _
vertices
for in reverseorderdo
Search
for to do

procedure Searclf : vertex, : ,

if or and
if then
if and
for do
Search
for do
Search

Markup( : vertex)
if then

for do
Markup

Figure 4: Algorithm to determine the lists for ®xed .

then

then

14
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execution of line 8 by the action of lines 2-5. Lines 18, 19] 86-29 implement a
traversal from the originatingvertex that traverses a vertex once if itis ®rst reached
viaa chainand possiblytwiceifitis ®rst reached via achain. An additional
traversal realized bilarkupadvances the mark ®eld of all vertices marked with

to so that clause (2) of the invariant is true upon completiothefloop
body. Since all vertices reachable from a successor@ive been visited, the test
at line 20 guarantees clause (3). Similarly, and the  array are manipulated
inlines 21-22 and lines 9-12, so that is reset if it gets set during the marked
traversal. Thus clause (4) is also true upon completion.

What remains is to prove the invariance of clause (1). We iy that af-

ter executing line 8, if there is a prime constraint origingtat and end-
ing in sequencethen it is the constraint , and otherwise
. Suppose that is theprime constraint originating at

. Then the vertex for is marked , for otherwise there is a successopf

on for which or . In either case contradicts
the primality of . By primality, for any other position for
which . Thuswhen isreached, will be properly setto. The
only other possibility is that , but becaus&earchretraverses vertices

marked  when reached by a -chainthe  constraint will take precedence.
Thus will be properly set. The argument for is much the same,
save that we need not worry about the possibility of as it would imply

the constraint is not prime.
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The ®nal observationis that only prime constraints aredttde lists. If
before executing line 8, and if is added to list  at line 11, then
because of invariant (2) and the test at line 20. Invarignth@n guarantees

that the constraint is prime.
8 A Multiple Alignment Algorithm

An algorithm for progressive alignment of sequences subject to
constraints is given in Figure 5. As noted in Section 3, the constrainpgra
for the original set of sequences can be determined intime ,
where is the sum of the sequence lengths ani$ the size of . At each subse-
quent iteration of thevhile loop,  can be updated as follows. Leaand be the
sequences selected at line 6 in the previous iteration, let be the ver-
tices of and let be the vertices of. The two lists can be merged to
get the implicit constraint edges for vertices gfwhich replace the implicit con-
traints between two or two vertices and explicit contraints between &ertex
and a vertex (or vice versa). A vertex and a vertex that correspond to the
same column of are represented as a single node, with the appropriate ebémg
adjacency lists. Thus subsequent executions of line 3 talee t

Each execution of line 4 involves executions of Figure 4, and hence requires
time . Computation of all pairwise alignments takes time
(For the time being, assume that pairwise alignment of sezpseof lengths and

takes time , even if each sequence is an alignment of severalSee
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while do
the constraint graph for
compute  forall with
compute all constrained pairwise alignments for
the most similar pair in
the alignment of and

CoNoORr~wWDNE

Figure 5: An algorithm for progressive multiple alignmeritwconstraints.

the next section for a different analysis that is appropffiat a particular alignment-

scoring scheme.) It follows that the algorithm of Figure Bgin time

In practice, it may be possible to reduce the running timeumyding some of
the pairwise-alignment computations. For example, afterand are recom-
puted, one can check in linear time whether the previousalant of and sat-

is®es the new constraints. If so, then no recomputatioiisne.
9 An Implementation

(Chao et al. 1994) is a progressive multi-alignment proguaed for ge-
nomic DNA sequences. The order in which sequences are dligpeedetermined
according to the assumed evolutionary relationships artfengequences.
scores a multiple alignment as the sum of scores of the ichph&wise alignments,
using quasi-nataral gap costs (Altschul 1989). With thesess, progressive align-

mentof sequencestakestime (Chao et al. 1994), where the ®nal align-
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ment has columns.
We modi®ed to handle constraints, calling the new program

The implementationtask was simpli®ed by the factthat already limited each
progressive step to a region of the dynamic-programmirthdgiermined by a lower
and an upper column bound for each row. The earlier algor{tinao et al. 1993)
de®ned a #orbidden region® strictly in terms of verticex] eequired modi®cation
to disallow an edge in the case of aconstraint. Each of the merge steps
requires time to update andtime to determine the forbidden
regions. (Only the regions for the two sequences being edigt this step are re-

quired.) Thus the program runs in time
10 An Example

One alignment, which includes a 73,308-nucleotide sequere the hu-
man -like globin gene cluster, can be accessed by electronit (iHardison et
al. 1994) or the WorldWide Welh(tp://globin.cse.psu.edu ). ltisin-
tended that the alignment can be inspected to locate catsergions falling out-
side of protein-coding segments, which may indicate sgyaabociated with the
regulation of gene expression. Of course, it is possiblerdgulatory sites which
are homologous (i.e., descended from the same DNA regitieisytecies' common
ancestor) may not correspond under the current alignmemtafy such cases, it
would be desirable to force them to align using

A potential example of this phenomenon concerns GATAL lnigdiites lying
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-207 -187 -177

GhTAL | | catAa1
61915:  ACTGATGGTATGG---GGCCAAGAGATATATCTTAGAGGGAGGGCTGAG human
34701: G..C..G..[-—A..T..C.C.C--C........... C galago
30703: [ O - T.TGG...... C.—.ALA.... rabbit
10556: T..C..AL..ACTGT.AT.T...... GCCC---...AA......... T cow
50533: T...CACAG..AA----_ A .ACAT..TC—........ TA.CC.. mouse
Figure 6: Portion of a alignment of the -like globin gene clusters of sev-

eral mammals. A dot indicates agreement with the entry ohtivean sequence in
that column. Boxes are drawn around runs of six or more sgaesolumns with
at most one mismatch per column. GATAL binding sites in thedwand mouse
sequences, as discussed in the text, are underlined.
about 200 basepairs before the transcription initiatioe sf the -globin gene.
GATAl s atranscriptionfactor knownto be critical in regtibn of the globin genes.
Its consensus binding site is WGATAR, where W designatéseid or T, and R
designates either A or G. An imperfect match, AGATAT, at  (relative to the
transcription start site) in the human sequence has beemsxperimentally (de-
Boer et al. 1988) to bind GATA1L, as has a conforming AGATAA at in the
mouse sequence (Macleod and Plumb 1991). However, theseegians do not
align (Fig. 6), even when the alignment-scoring schemetrigsda

There is some experimental evidence that these sites playctidnal role in
regulation of the -globin gene. They appear to have an effect on laboratotppro
cols that chemically induce expression of thglobin gene in cultured MEL (mouse
erythroleukemia) cells, which may indicate that the sitiey | role in regulation
of that genen vivo. In particular, an experiment involving deletion of the harm

GATAL site at indicated that it can act with other sites to confer induitibi

(deBoer et al. 1988), whereas point mutations in the mouse GATAL1 site re-
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-213 -207 -187
| | | | cata1  GATAL
61915:  ACTGATGGTATGG----GGCCAAGAGATATATCTTAGAGGGA-——-- GGGCTGAG human
34701: G..C..G....-A..T..C.C.C---.C.....-=-——-....... C galago
30703: [ ORI ---T.TGG...... C..—- Al A....... rabbit
10556: .T..C..A...ACTGT.AT.T...... GCCC---...AA..—-—-——...... T cow
50533: T...C-mmmmmm oo .C.G---.T.A..CAAACATTATT.A... mouse
Figure 7: Portion of the alignment computed with the single constrant:
. Note that the two GATAL1 sites have reversed their
order.
-213 -207 -187 -179
| | | | catAa1
61915:  ACTGATGGTATGG----GGCCAAGAGATATATCTTAGAGGGA-GGGCTGAG human
34701: G..C..G...-—.A..T..C.C.C--|C....--..[...C galago
30703: [ ORI -—--T.TGG...... C..—. A=Al rabbit
10556: .T..C..A...ACTGT.AT.T...... GCCC---...AA..—....... T cow
50533: T...C--mmmmmmmmme- .C.....AGG---.C.AAC.TTATT.A... mouse
Figure 8: Portion of the alignment computed with the two constrants:
and . Note that the two

GATA1 sites are now aligned.

lieved repression prior to induction (Macleod and PlumbI)9®n the other hand,
different point mutations in the mouse GATAL site had noctftéther before or af-
ter induction by the hormone erythropoietin in two diffetreall lines (Taxman and
Wojchowski 1995), and we feel that the putative homologyfamgtional roles of
the two GATAL sites have yet to be fully veri®ed.

In any case, assume for the moment that further experimehison®rm that
the two GATA1 binding sites are homologous and that they alayle in regulating
expression of the -globin gene. With only one constraint given, fails to

produce the desired alignment (Fig. 7), but it succeeds \wha&m two constraints

(Fig. 8).
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